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Abstract. It is proved that almost every interval exchange transformation 
given by the symmetric permutation 



where m > 5 is an odd number, is disjoint from ELF systems. Some disjointness 
properties of special flows built over interval exchange transformations and 
under piecewise constant roof function are investigated as well. 



The notion of ELF systems was introduced in paper [8] to express the fact that a 
given system is of probabiUstic origin. An automorphism T : {X, B, /i) {X, B, fi) 
is said to has the ELF property, if it is ergodic and the weak closure of the set of all 
its iterations {T" : n € N}, considered as Markov operators in L'^{X,B, fi), consists 
of indecomposable Markov operators. The following standard classes of systems 
of probabilistic origin enjoy the ELF property: mixing systems, ergodic Gaussian 
systems (see [13] and [8]), Poisson suspensions, dynamical systems coming from 
stationary symmetric a-stable processes (see [6]) and infinitely divisible processes 



This work continues the research programme begun in [8] . The purpose of that 
project is to study deterministic systems that are disjoint from systems of proba- 
bilistic origin. This is closely related to some problems of smooth realization for 
systems of probabilistic origin (see [9]). Recall that two measure-preserving auto- 
morphisms of standard probability spaces are disjoint if they have only one joining 
equal to the product measure (see [10]). According to the programme, in [9], it was 
proved that smooth ergodic flows of compact orientable smooth surfaces having only 
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(see [18]). 
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non-degenerate saddles as isolated critical points (and having a "good" transversal) 
are disjoint from ELF flows. A substantial contribution to the project was provided 
in [6] where some classes of automorphisms disjoint from ELF automorphisms were 
found. The proofs of disjointness in [8] and [9] were based mainly on the following 
two results. 

Proposition 1.1 ([9]). Suppose that T ~ {Tt}teK is an ergodic flow on {X,B,fj,) 
such that there exist a sequence {i„} C M, i„ — > +00, < a < 1, J G and a 

probability Borel measure on M for which 

Tt,^ 01 J TsdP{s) + (1 - a)J weakly in C{L^{X,B, ^t)). 

If P is not a Dirac measure then T is disjoint from all weakly mixing ELF flows. 

Proposition 1.2 ([6]). Let T : {X,B,^) {X,B,fi) be a weakly mixing ergodic 
automorphism. Assume that there exist an increasing sequence {tn} of natural num- 
bers, < a < 1, J G J^{T) and a probability measure P on Z such that 

T*" ^ aJ2Pi{k})T'' + {l-a)J weakly in C{L^ {X , B , n)) . 

feez 

// P is not Dirac then T is disjoint from all ELF automorphisms. 

It was shown in [6] that weakly mixing simple but not mixing automorphisms and 
almost all interval exchange transformations for some special irreducible permuta- 
tions are disjoint from ELF automorphisms. More precisely, if tt is an irreducible 
permutation of m elements such that 7r(i) + 1 ^ 7r(i + 1) for 1 < i < m — 1 and 

(1) 7r(7r"^(l) - 1) = 7r(l) - 1 or 7r(7r"i(m) + 1) = 7r(TO) + 1 

then almost every corresponding interval exchange transformation is disjoint from 
all ELF systems. This class of permutation is in a sense marginal because the 
corresponding lETs can be "reduced" to exchanges of to — 1 intervals. In this paper 
we will prove the disjointness of almost every lET from ELF automorphisms (see 
Theorem 6.3) for more interesting set of permutations lying in the Rauzy class 
generated by the symmetric permutation 

1 2 ... TO — 1 TO 

TO TO — 1 . . . 2 1 

7-3" fulfills (1), the disjointness for m — 3 was proved in 
[6]. 

The idea of the proof consists in finding some lETs which have segments of 
orbits with special code properties. For to = 5 we deal with lETs of periodic type. 
Since such lETs are isomorphic to substitutional dynamical systems, we can use an 
approach developed in [2] for substitutions for which one is an eigenvalue of the 
associated matrix. It allows us to find the required segments of orbits. In order to 
find appropriate lETs of periodic type we use a method of searching some paths in 
Rauzy graphs developed in [14] and [19]. Moreover, we introduce a procedure which 
helps us to reduce the problem of finding appropriate lETs to a smaller number of 
intervals. Since the existence of the required segments of orbits is an open condition, 
we can use standard technics introduced by Veech in [23] to prove the existence of 
such segments for almost all lETs in the Rauzy class of the permutation t^™. 
Finally, this allows us to apply Proposition 1.2. 
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As a byproduct, we obtain (using Maple) concrete examples of lETs of periodic 
type disjoint from ELF systems. 

Using Proposition 1.1, for some irreducible permutations we show that in the class 
of special flows built over corresponding lETs and under roof functions constant over 
the exchanged intervals almost every such flow is disjoint from weakly mixing ELF 
flows (see Corollary 4.12). 

2. Preliminaries 

2.1. Joinings. For background information on the theory of joinings we refer the 
reader to [11] and [5]. 

Let T and S be ergodic automorphisms of standard probability Borel spaces 
{X,B,^) and {Y,C,v) respectively. By a joining between T and S we mean any 
T X 5-invariant probability measure p on {X x B C) whose projections on X 
and Y are equal to fj. and u respectively. If we consider flows T = {Tt}teR and 
S = {S'tjtgK, by a joining between T and S we mean any probability {Tt x 5't}tgR- 
invariant measure on {X x Y,B(E)C) with the same property. The set of joinings 
between automorphisms T and S is denoted by J(T, 5"). If the automorphism T x S 
on {X X Y, B®C, p) is ergodic then the joining p is called ergodic. The set of ergodic 
joinings is denoted by J^{T,S). 

Any automorphism R : {X,B,p) — > {X,B,p) determines a unitary operator 
on L'^{X,B,fi), still denoted by R, by the formula R{f) ~ f o R. An operator 
<I> : L'^{X,B,n) — > L^(F, C,i/) is called a Markov operator if 

$(1) $*(1) = 1 and $(/) > for all / > 0. 

Denote by J{S,T) the set of all Markov operators from L^{X,B,p) to L^{Y,C,h') 
such that T o $ = $ o S". For p e J{S, T), define an operator : L'^{X,B, p.) 
L'^{Y,C, v) by the formula 

(2) {f.9)mXy.Y..p) = {^p{f),9)LHY.u) 

for each / e L^{X,B,p) and 5 G L^{Y,C,t^). Then 0p € J{T,S) and J(T,5) 3 
4>p G J{T., S) establishes a 1-1 afline correspondence between the sets J(T, S) and 
J(r, S). The set of intertwining Markov operators J{S, T) is compact in the weak 
operator topology, thus the set J{S, T) is also compact (on J(T, S) we transport 
the topology of J{T, S)). Markov operators corresponding to ergodic joinings are 
called indecomposable. 

Following [10], automorphisms S and T are called disjoint if J{S, T) — {p ® v} . 
Note that <I>^«„y/ = fdp. 

\{S = Twe will write J(T) , (T) ,J{T) and J" (T) instead of J(T, T) , J" (T, T) , 
J{T, T) and J'^{T, T) respectively, and the elements of J{T) are called self-joinings 
of T. 

By C(T) we denote the centraHzer of T, that is the set of all automorphisms 
of {X,B,p) commuting with T. If i? £ G{T) then the formula pr{A x B) = 
p{A n R~^B) determines an ergodic self-joining of T supported on the graph of R. 
Moreover, ^^^^ = R. 

Definition 2.1. Let T be an ergodic automorphism of a standard probability space 
{X,B, p). Following [8], we say that T is an ELF automorphism, if {T" : n e Z} C 
J'^(T) (the closure is taken in the weak operator topology). An ergodic flow T — 
{Tt}tm on {X,B,p) is said to be an ELF flow if {T* : t e M} C J^iT). 
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Lemma 2.2. Let T = {Tt\t&L be a measure-preserving flow on a standard proba- 
bility space {X,B,i-i) and let $ G J{T^)- Suppose that {tn\ is a real sequence such 
that tn +00 and the sequence of operators {Ti„} converges in the weak operator 
topology. For every < a < 1 the following two statements are equivalent: 
(i) There exists G J{T) such that Tt^ ^ a<i> + (1 - a)*' weakly, 
(a) For all A,BeBwe have lim„^oo(?t„XA, Xs) > ct{^XA,XB)- 

Proof Suppose that Tt^ ^ a$ + (1 - weakly for some $' G JiT). Then 

(TuXA, Xb) a{^XA, Xb) + (1 - a){^'xA,XB) 

for all A,B <E B. Since $'xa > 0, we have ($'xa, Xb) > 0, which implies (ii). 
The converse follows directly from Lemma 3 in [9]. □ 

Remark 2.3. Note that if p, po G J(T) are self-joinings such that Tt„ $p weakly 
and $p(, = $ then condition (ii) in Lemma 2.2 is equivalent to p > apo. 

Lemma 2.4. Let T = {Tt}teR be an ergodic flow on a standard probability space 
{X,B,p,). Suppose that there exist a real sequence {tn} with tn +00, 6' 7^ 0, 
< ai, a2 < 1 and $1, $2 G JiT) such that 

Tt,^ aild + (1 — Q!i)$i and Tt^^ ce2T0 + (1 — 0(2)^2 

weakly in C{L'^ (X , B , p,)) . Then ai + a2 < 1 and there exists $ G J{T) such that 

Tt„ aild + a2Tg + (1 — ai — a2)^ weakly in C{L^{X, B, fi)). 

Proof. Let p G J{T) be a self-joining such that Tt^ —> $p weakly. By Lemma 2.2, 
p > OLipLjd and p > a2PTe- By the ergodicity of T, p{{x G X : Tgx = x}) = 0, and 
hence the measures pid and pxg are orthogonal. It follows that 

. , , , .aipid + a2PTg 

p > aipid + a2PTe = (ai + a2) ; . 

ai + a2 

Since p is probabilistic, we obtain ai + 02 < 1- Now we apply Lemma 2.2 to the 
operator associated with the self-joining '^^^a^a-!'^" ^ "^(^)- This completes the 
proof. □ 

2.2. Special flows. Assume that T is an ergodic automorphism of a standard 
probability space {X,B,p) and let / G L^{X,B,p) be a positive function. Denote 
by A the Lebesgue measure on R. Let X^ = {(^1^) e X x R; < r < f{x)} 
and let B^ and p^ be the restrictions of B ^ B{M.) and /i Cgi A to X^ . Denote by 
= {{Tf)t}tm ■ {Xf,Bf,pf) -> {Xf,Bf,pf) the special flow built over T and 
under /. The special flow moves each point in X^ vertically at unit speed and 
points [x, f{x)) and {Tx,0) are identified. For any n £ Z let 

( f{x) + ... + f{T"-^x) if n>0, 
f^"'>ix) = l if n = 0, 

[ -(/(r"a;)-F... + /(T-i.T)) if n<0. 

Consider the skew product S-f : {X xR,B(S)B{R), p®\) ^ {X xR,B(S)B{R), p(S)X) 
given by S-f{x,r) = {Tx,~f{x)+r). Thus (S'_/)'=(a;, r) = (T'=x, -/W (a;) + for 
each k E Z. Moreover, 

T/ix, r) = {S-f)\x, r + t) = {T'^x, r + t- f^'H^)), 

where A: G Z is given by /C") (x) <r + t < /C'+i) (x) 

If / = 1, the special fiow is called a suspension flow. For more information 
on special fiows we refer the reader to [4]. 
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To apply Propositions 1.1 and 1.2 we will need the following result from [9]. 

Proposition 2.5. Let {X,d) be a compact metric space. Let B stand for the a- 
algebra of Borel subsets of X and let fi be a probability Borel measure on X . Suppose 
that T : {X, B, fi) {X, B, /z) is an ergodic measure-preserving automorphism and 
there exist an increasing sequence of natural numbers {qn} and a sequence of Borel 
sets {C„} such that 

m(C„) ^ a > 0, ^l{Cnl^T-^Cn) -> and sup d{x, T'-x) ^ 0. 

Assume that f G L^(X, /i) a positive function bounded away from zero and {an} is 
a sequence of real numbers such that the sequence | \f^'^"K^) ~ o-n\'^ dfi{x)^ is 
bounded. Suppose that 



ro 

weakly to the operator 



weakly in the set of probability Borel measures on M. Then {{T^Ja^} converges 



a J {Tf)^tdP{t) + {l^a)J, 

where J E J{T^). 

2.3. Substitutions. Let us consider a finite alphabet {0, . . . , r — 1} and let A* 
stand for the set of nonempty finite words over A. Each map a : A A* \s called 
a substitution. The map a can be extended io a : A* A* , a : Ap ^ AP and 
cr : A?' A^ by taking concatenations. The associated matrix with the substitution 
a is the matrix M = [mij]o<i j<r-i, where rriij is the number of occurrences of the 
symbol i in the word A substitution a is called primitive, if there exists n G N 

such that all entries of A/" are strictly positive. Perron-Frobenius theorem states 
that for each primitive matrix, there exists an eigenavalue 9 > 0, which is greater 
than the absolute value of any other eigenvalue of M. Moreover, there exist left 
and right eigenvectors associated with 9 with positive entries. 
The space A^ is endowed with the metric 

1 + mf{|A:|;a;fc / yk} 

for each x,y G A^. For any primitive substitution cr there is at least one sequence 
u G A^ such that u — cr*'{u) for some k>l. If the sequence u is not periodic, the 
substitution a is called aperiodic. Let S : ^ stand for the left shift defined by 
{Sx)n = Xn+i- Let Xa = {S'"u : n G Z}. Denote by C A* the language which 
contains of all finite words which occur in the sequence u. Therefore {x„}„gz € X^ 
if and only \{ Xn ■ ■ -Xn+k G for all ti G Z and A: > 0. Since X^r is S'-invariant, 
we can consider the restriction of S to Xa . This topological dynamical system will 
be denoted by Sa ■ Xa- X^ and is called a substitution dynamical system. If a is 
primitive and aperiodic then the dynamical system (X^, Sa) is minimal and uniquely 
ergodic (see [16]). Denote by fi^ the unique S'cr-invariant probability measure. 

For any w = wq...w„i^i G A*, the vector l{w) — {lo{w), . . . ,lr-i{w)) with 
/^(■w) = #{j : Wj — i,0 < j < m — 1} for any < i < r — 1, is called the population 
vector of the word w. Following [3], a finite word w ~ Wq ■ ■ ■ Wk-i G C„ is called a 
recurrence word of a if wwo = Wq . . . Wk~iWo G C^. 
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3. Interval exchange transformations 



3.1. Introduction. Let m > 2 be a fixed natural number and let 

R"^ = {A = (Ai, . . . , A™) G M'" \ {0} : A, > 0, 1 < ^ < m}. 

Denote by Sm the set of all permutations of {l,...,m}. A permutation tt is 
called irreducible, if 7r{l,...,fc} ^ for any 1 < fc < m — 1. The set 

of all irreducible permutations is denoted by S^. Given (A,7r) e M™ x S*^ let 
T = Tx^Tj : [0, |A|) [0, |A|) (|A| = -^0 stand for the interval exchange trans- 

formation (lET) of m intervals Aj = X^ti -^ii -^i) ) j — l,...,m, which 
are rearranged according to the permutation tt. Denote by ^ the restriction of the 
Lebesgue measure on R to the interval [0, |A|). Then T : ([0, |A|),^) ([0, |A|),^) 
is a measure-preserving automorphism. Note that T^^ is also an lET of intervals 



(1)' 



Denote by /3o, • ■ • , /3m-i the left endpoints of the intervals Ai,...,Am. Let 
Orb{x) = {T^-x : n G Z} stand for the orbit of point x. Following [12], we 
say that T satisfies the infinite distinct orbit condition (IDOC), if every orbit of /3s, 
1 < s < m - 1, is infinite and Orh{l3s) n Orb{Pt) = for all 1 < s ^ i < 7« - 1. 
Recall that (see [12]) if tt e then Ta,^ satisfies the IDOC for a.e. A G W^. 
Moreover, every lET satisfying the IDOC is minimal, i.e. every orbit is dense (see 
[12]). 

For any subinterval Z C [0, |A|) we can define the induced lET Tz : Z ^ Z hy 
the formula Tz{x) = T^'^''\x) for any x € Z , where k(x) G N is the first positive 
return time of x to Z. The induced map Tz is an exchange of at most to+2 intervals 
(see e.g. [4]). 

Let d{\ A') = 2-" 1 |Aj - A^l for all A, A' G M!p. We will consider on M™ x 5^ 
the metric 

J((A,7r),(A',7r')) = d(A,A') + (5,..'. 

3.2. Rauzy induction. Suppose that T ~ Ta^tt : [0, |A|) [0, |A|) is an lET given 
by A = (Ai,...,Am) G K"' and permutation tt G S'"„. Assume that T\,.,^ satisfies 
the IDOC. By Rauzy induction of lETs we mean a special kind of induction, where 



Z := [0, |A| - min{A„, A^ 



i(m) 



}). By IDOC, X„^ ^ A,- 



Then Tz is again an 



exchange of m intervals and we can write Tz = Tx',tt', where (A',7r') G R™ 

5-0 



X 5*^, 



Let us consider two maps a, 6 : 5° 
a7r(i) 



7r(m), 
TT{i ~ 1) 



i < 7r~^(m) 

i = 7r^"'"(7Ti) + 1, bTr{i) = 
i > iT^^(m) + 1 




7r(i) < 7r(m) 
7r(m) < 7r(i) < m 
7r(i) = m. 



and two m x m matrices 



/I 





A{a,TT) 





\0 



1 1 
1 




1 







1 

0/ 
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/I 

A{b,n) = 

\0 ... 010 

T 

The induced lET is then given by (A',7r') ~ {A{c,tt)~^ X,c{Tr)), where 



c(A,7r) 



a 



if A^ < A 



71 ^(m) 
b if Xm > -^7r-i(m)- 



By IDOC, we can define Rauzy induction for the lET given by (A', tt'). In fact, this 
procedure can be continued for any finite number of steps. Let A„i = {A S M™ : 
|A| = 1}. Define maps 

J ■.R'^ X S'^-^R"^ X S^, J(A,7r) = (A-i(c,7r)A,c7r), c = c(A, tt) 

and 

P : A„ X ^ A„ X 5^, P(A,^) = f , c^) , c = c(A,7r). 



|A-i(c,^)A| 
If (A',7r') := J"(A,7r) then 

tt' = 7r„, A' = yl(c„,7r„_i)"M(c„_i,7r„_2)~^ • • . ^(c2, 7ri)~M(ci, 7r)~^A, 
where 

Cfc = Cfc(A,7r) = c(j''"^(A, tt)), tt^ = Cfc o . . . o ci o tt. 

Hence 

A = A(")(A,7r) • A', where ^(")(A,7r) = A(ci,7r) . . . ^(c„, 7r„_i). 

By Rauzy graph we mean a directed graph whose vertices are irreducible permu- 
tations and edges connect permutations obtained one from the other by applying 
maps a or 6 and are labeled according to the type, a or 6 respectively. Any connected 
component of the Rauzy graph is called a Rauzy class. Denote by TZ(tt) C 5*^^ the 
Rauzy class containing the permutation tt G S^^. See [17], [22], [23] for more details. 

Theorem 3.1 ([22]). Let TZ C be a fixed Rauzy class. There exists on Am x TZ 
a smooth positive a-finite P -invariant measure k, which is ergodic and conservative 
with respect to P and which is equivalent to the Lebesgue measure. 

Theorem 3.2 ([15], [22]). Ifn G S*^ then for a.e. A e M!p the lETT^,^ is uniquely 
ergodic. 

Notation. Let Ta.tt : [0, |A|) [0, |A|) be an lET. Each point x e [0, |A|) is coded 
by a sequence {w„}„gz G {l,...,m}^ so that T"-x € A^,^ for ti € Z. Denote 
by £(TA,7r) C {l,...,m}* the language determined by all such sequences, i.e. 
I^{T\,-k) is the set of all finite words (over the alphabet {1, . . . ^m}) which occur 
in such sequences. Therefore w = wq . . .Wk-i G £(T\,7r) if and only if the set 
r\'j=oTxi^Wj is not empty. A word w = wq . . . Wk~i € C{T\_Tr) is called recur- 
rence if Wo • . . Wk~iWQ £ £(Tx,t). As in Subsection 2.3 for every w = wo . . . Wk-i G 
^{Tx^tt) denote by liw) = {li{w), . . . ,ljn{w))'^ the population vector, i.e. kiw) = 
#{j ■ = i,0 < j < k - 1} for 1 <i<m. 
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Remark 3.3. Suppose that T = Tx,^ : [0, |A|) [0, |A|) fulfills the IDOC. Consider 

T(„) = Tam.ttC"), where (A("\7r(")) = J"(A,7r). Let a["\ . . . , A^^^ stand for the 
intervals exchanged by r(„) . Then the action of the initial lET T can be seen in 

terms of Rohlin towers over A^"\ . . . , Am ' C [0, |A|). Let 

= (/il"\...,;i(:)) = (l,...,l)A(")(A,7r). 

Then h'f'^ is the first return time for the action of T on A^"'' to [0, jA'"-*!) for 
1 < i < m and 

^("'(A,7r)„- = #{0 < fc < : T'^aJ"^ C A,}. 

Moreover, = {T^aI"^ : < j < hf^} is a Rohlin tower of intervals and the 
towers Si, ... , are pairwise disjoint and fill the whole interval [0, |A|). It follows 
that 

m 

(3) ^/.("'a(") = |A|. 

i=l 

Remark 3.4. For any w = Wq . . - Wk-i G C(T(^n}) let ql^^ — h'"w} ■ If a: € 

[0, |A(")|) and T^„)X S aL"^ for < i < X then T^^^x = Ti^'' x. Moreover, 

K-l 

(4) = ^ h'^} = h^^hiwo . . = |^(")(A,^)/(u;o . ..wk-i)\, 

1=0 

where l{wo ■ ■ ■ wk-i) is the population vector of the word wo ■ ■ ■ wk~i- Next con- 
sider the word w' = w'q . . . w\„^ ^ G 'C(r) such T^x G A^,' for < j < ql^\ 
Thus 

(5) /(w') = A(")(A,7r)?(u;). 

Definition 3.5 (see [19]). An lET Ta^tt is called of periodic type, if the following 
holds: 

(i) There exists k > 1 such that P"+'=(A,7r) = P"(A,7r) for all n G N; 

(ii) The matrix A^'''>{X,7r) has strictly positive entries. 

The matrix (A^'^^ (A, tt))-^ is also known as a period matrix. It was shown in [14] 
how to produce matrices with strictly positive entries by walking on the Rauzy 
graph. Furthermore, in [19] (see Lemma 6) the authors presented a simple method 
for searching lETs of periodic type using closed paths in the Rauzy graph. 

Remark 3.6. Each lET of periodic type satisfies the IDOC (see [19]). 

3.3. Permutation 77^ and subspace H{tt). Let tt £ 5°^. Following [22], define 
the permutation yy^r on {0, . . . , m} as follows: 

( 7r-i(l)-l ifi^O 
V-rrii) — \ ifj = 7r^i(m) 

[ 7r~i(7r(i) + 1) — 1 otherwise. 

The set {0, . . . , m} is partitioned by tIt^ into cyclic subsets, i.e. into the orbits of rj^r. 
Denote by T,{tt) the set of all cyclic sets of the permutation r]^^. To each S G S(7r) 
we associate a vector b{S) G Z™ given by 

b{S)i = Xs(« - 1) - Xs{-i), l<i<m, 
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where xs is the characteristic function of S. By \b{S)\ denote the sum of entries of 
the vector b{S). 

Proposition 3.7 ([23], Proposition 5.11). For each S G S(7r), 

r 1 if e S, m S, 
\HS)\ = < -1 if S, m e S, 
[ otherwise. 

Lemma 3.8 ([23], Lemma 5.6). Let n e S^^ and c = a or b. There is a bijection 
S(7r) 3 S 1^ cS G E(c7r) such that 

b{S) = A{c,iT)b{cS) for every S e S(7r). 

Let us recall the definition of the alternating m x m matrix L'^ : 

{1 i{ i < j and 7r(i) > 7r(j), 
-1 iii> j and 7r(i) < 7r(j), 
otherwise. 

Define H{n) = L'^(M'"). Since L"" is anti-symmetric, H{tt) = (kcrL'^)^. 

Proposition 3.9 ([23], Proposition 5.2). A vector h e H{tt) if and only ifh-b{S) = 
for every S G S(7r). 

Remark 3.10. Let stand for the subset of irreducible permutations tt of m 
elements such that if S* £ S(7r), then \b{S)\ = ±1. The condition tt e S^^ is 
quite restrictive. In view of Proposition 3.7, this implies #E(7r) = 2, hence if 
S(7r) — {Sq,Si\ with G 5*0 then m £ Si and 6(51) = —b{So). Note that if m is 
odd then r^?'™ € and 5(50) = (1, -1, 1, . . . , -1, 1). 

Let E = [E,j] 

i<i,j<m be a matrix with strictly positive entries. Following [21] 

set 

E- ■ 

I'iE) = , ^max and ej ^ V E,j. 

i—l 

Then 

(6) Cj < v{E)ek, l<j,k<m and v{FE) < v{E), 

for any nonnegative nonsingular matrix F = [Fij]i<i.j<,„. 

3.4. lETs and substitutions. For any lET T := Ta,^ : [0, |A|) -> [0, |A|) of m 
intervals Ai, . . . , Am and n € N we can define a substitution on m symbols (see 
[7]). We shortly describe this procedure. Let (A',7r') = J"(A,7r). Let A'^, . . . , A^,, 
be the exchanged intervals for Ta'.tt'- Let k : [0, |A'|) N stand for the first 
return time map to the interval [0, |A'|). Let A = {1, . . . We define a map 

cod : [0, |A'|) — > A* in the following way: cod{x) = ii...ik{x) if T^x € A.^ for 
Q < j < k{x). Since the map cod : [0, |A'|) A* is constant on every interval 
A'j, . . . , AJ„, we can define a substitution a : A ^ A* so that cr[i) = cod[x) for each 
a; S A^ and i = 1, . . . , to. 

Remark 3.11. Suppose that r\,7r is an lET of periodic type for which A^"' (A, tt)'^ 
is its periodic matrix. Let us consider the corresponding substitution a : A A* . 
Then Ta^^ is measure-theoretically isomorphic to the substitution system Sa- The 
isomorphism is established by the map : [0, |A|) A^, 

((/)(a;)), = i, if T'-x e Aj , 1 < j < m, for all i £ Z. 
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It follows tliat £(Ta,^) = Ha. Moreover, ^(")(-^> 

tt) is the substitution matrix of a. 

4. DiSJOINTNESS FROM ELF SYSTEM 

4.1. Perturbation of lET. In this section we state three lemmas which, roughly 
speaking, say that any type of finite orbit combinatorics of any lET satisfying the 
IDOC is preserved in the passage to its slight perturbation. The proof of the lemmas 
is rather straightforward and we leave it to the reader. 

Let T := Tx,-n : [0, |A|) [0, |A|) be an lET of m intervals Ai, . . . , A,„ of lengths 
Ai, . . . , A„i > and given by an irreducible permutation tt. Recall that 

Tx — x+ ^ AttQ) — ^ Aj if a: G A.;, 

ir(j)<7r(i) j<i 

T-^x = x- ^ A^(j) + ^ Aj if a; e TA„ 

■K{j)<TT{i) j<i 

and /?o = 0, /3s = J2'j=i '^j for 1 < s < — 1. Assume that T satisfies the weak 

IDOC, i.e. every orbit of /3s, 1 < s < m - 1 is infinite and Orb{Ps) n Orb{(3t) ^ 
for 1 < s,t < m — 1 implies /3s = /3t. 
Fix K>1. Let 

Q<5< min{|r^Ji/3t, - T-^'Pt,\ ■ IJ2I <K,l<hM<Tn- l,/3t, ^ /3tJ. 
Fix an e = St,k > such that 

(7) m{2K + 4)e < ^S. 

Let 

K. := {(A-',7r) eW^ x {tt} : |A^| = |A|, |A,; - A^| < e, l<i< m}. 

Suppose that := ^A^7r : [0, |A|) [0, |A|) is an lET such that (A^ tt) e JC. 
Let Af , . . . , A^ be the intervals exchanged by Tg and let = 0, /3f = J2j<i 
i = 1, . . . ,m — 1. Note that 

\f3i - !3I\< me and \TP, - T^Pf] < me for < i < m - 1. 

Indeed, 

\Pt - Pt\ = I E - E ^'1 ^ E 1^^- - ^'1 < 

j<t j<t ]<t 

\TPt-T,l3l\ = \ E ^'1^ E \^o-^\<^T^e. 

'r(j)<7i-(t+l) ir(j)<7r(t+l) n (j) <tt (t+1) 

Lemma 4.1. For every < s < A' + 1 and < i < m — 1 

|T-''+Vt - ?r''+^/3|| < m{2s + l)e anrf T^'ISt G A^ impfees r-"/3f G Af . 
Moreover, 

|r"/3t - TII3l\ < m{2s + l)e and T" (3t G A^ implies T^Pl G Af 
/or a// < s < A' and < t < m - 1. □ 
Lemma 4.2. For a/Z < si, S2 < ^ < ii, ^2 1^ "m — \, 

□ 



DISJOINTNESS OF INTERVAL EXCHANGE TRANSFORMATIONS 11 

Take w = wo • • ■ G {1, • ■ • , m}^+^ such that the set Iw = PliLo *^t«i 
not empty, i.e. iv e C{T). The set Iw is an interval of the form [T^'^^ f3ti ,T~'^^ (3t2) , 
where < fci, /c2 < A' and < ti, t2 < m - 1. It follows that | fl^^o I > ^■ 

Let 

In view of (7), the following result is a simple consequence of Lemmas 4.1 and 
4.2. 

Lemma 4.3. For each w = wq . . . wk & {1, ■ • ■ , m]^'^^ if 1^, ^ and (A'^, tt) G /C 
then 

4 ''^ 
|4|>-|/«| anrf4c fjT^rAL.- 

□ 

4.2. Disjointness theorems. Fix r e S'J^. Let Tx.t : [0,1) ^ [0,1) be an JET 
with the IDOC, which has two recurrence words wi E C{T\^r) and W2 G C{T\^r) 
with lengths ifi, K2 respectively and such that 

(8) l{wi) - 1{W2) = KS) for some S G S(t). 

Let isT = max{Ki, K2} + 1 and choose e = Eta r,K > such that (7) holds. Let 

/C = {(A^T) : |A^| = |A| = 1, |A, - Afj < e, l<i< m}. 
Choose Wi"^* = Wq . . . w]( e C{T\^r) and w^"^* = li'g . . . wj^ £ C{T\^t) which are 
extensions of wi, ?Z'2 such that w)^.^ = Wq and w^^^ = Wq. Let 9r = \ PliLo -^A~T^tu'^l 
for r= 1,2. 

Using some standard Veech's arguments (see [23]), there exist A: > 1 and maps 
ci, . . . , Cfc {ci = a or b for i = \, . . . ,k) such that if = o . . . o ci o r (i = 1, . . . , A:) 
then 

(i) T-fc = T, 

(ii) the matrix S = A{ci,t)A{c2,ti) . . . ^(cfe, r/c_i) has strictly positive entries. 

(iii) d = Ci{p,T) for any 1 < i < k. 

Let M = {(BA^/jSA^I, t) : (A'^,r) G /C}. Since /C is open, the set M is also open 
in (Am, d), hence C Am x TZ{t) has positive measure k, where k is the invariant 
measure from Theorem 3.1. 

Notation. Denote by A the set of all (p, tt) G A„i x TZ{t) such that the lET 
Tp ,r satisfies the IDOC and there exists an increasing sequence {fc„}„gN of natural 
numbers such that P'^"(p, tt) G M. 

Remark 4.4. By the ergodicity and conservativity of P : (Am x TZ{t), n) — > (Am x 
7^(T), k) (see Theorem 3.1), ^((Am x 7^(T)) \ y^) = 0. 

Take {p, tt) G ^ and let T = Tp,^ : [0, 1) [0, 1). Let Ai, . . . , Am stand for the 
intervals exchanged by T. Let {fcn}nGN be a sequence such that P'^"(p, tt) G M. 
By the definition of M, P'="+'=^(p, tt) G IC and (p, tt) = A('=")(p, 7r)B. 

Let (/3('''"\t) := j'="+'=(p,7r) and let Af"\...,A^"' stand for the intervals 
exchanged by rp(.„)^^. Then (p(''"Vl/0^''"'l:-r) := P''"+''(/5, tt) G /C. Let us apply 
Lemma 4.3 to TpCfenj/ipC*;™) and the words wf^*, w'^*' . After rescaling we obtain 
two intervals 

i=0 i=0 
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such that > I^iIp^^^")! and > ^e2\p^''"'>\. 

By Remark 3.3, ft,^*'"'' = A\j"'^''^ is the first return time of the interval 

to [0, for the action of T. Let 

") y T*/('^") forr= 1,2. 

i=0 

Lemma 4.5. There exists a > such that ^{Ci''"^) > a > for any n e N 
for r = 1,2. 

Proof. In view of (3), 1 = X^jli h^j'"'' pf""^ ■ Moreover, from (6), 
for all 1 < j, / < m. It follows that 

for any 1 < Z < m. Since > |6'r|p'''""^ | for r = 1,2, we obtain 

(fc„) l^r 



1 < v{B)h. 

Hence 



™S 4/1 



4min(gi,g2) ;^(fc„)|^(.„)| ^ ^ 



^ i=0 



for r= 1,2. □ 
Let 

qiK) ^ ^ y h^^"^ for r = 1,2. 

Since I^'^") C nto^p7L),,AL"f\ by Remark 3.4, 

(9) r^;„, = r«-'"' X for every x e 4'^"' . 

Lemma 4.6. For r = 1, 2 we /zarie 

(i) p{ci''"'> A T-iC^''"^) as 71 ^ oo, 

(ii) sup^gp(fc„) |x — T'?' x\ as n — > oo. 

Proof (i). Since {TV^''"^ : < i < h^^rf} is a Rohhn tower, 

TC''^") A Cf"^ C 4'^"' U t'^^^'o^ 4''"\ 

It follows that 

Ai(T-iC('=") A < 2^1(7^'='')) < 2|p(^")| ^ as n ^ oo. 
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(k ) (k ) (k ) 

(ii). For each x e Cr there exist y G Ir and < i < h)^T such that x = T*j/. 
In view of (9) we have r9r'""'y — T'^^''^) ^y, so 

Since /i'^") C nto^T:„,^,ALt^ have y e A^'^^ and T^^^^^^y G A^V = A,L^^\ 
It follows that X ^T'y e T^aJ,*^"^ and r'?''"'^ = T'T^.r , y e T*A[f"\ Since 
T^A^r'^ is an interval of length |A^r" |, we obtain 

|x-r'^^-"'x|<|A^^)|. 

Consequently, in view of the IDOC, 

sup |a;-T«-'"'x| < |A|^."^| ^Oasn^oo. 

□ 

Let br :=b{S) stand for the vector associated with a cycHc set S d S(r) so that 
(8) holds. Let 

By Lemma 3.8, if^ = 6(5') for some S' G I](7r). 

Remark 4.7. Suppose that Xr S /r''"^ C 0^*0 ^p7L) r^w-^ for = 1,2. Let us 

consider the word w'^. € {1, . • . , to}'''-'""' determined by Tp^^Xr G ^^'j- for < i < 

(7^''"^ and r = 1,2. From (5) we have l{wl) = for r = 1,2. It follows 

that 

(10) l{w[) - l{w'^) = A(^"+'=)(Z(7l;i) - 1{W2)) = A(^"+'=)6, - 6^") = h{S') 

for some S" e S(7r). Choose ti such that [0, |) C Ai. Since T'^T,"\r = 
T^fc^) _^Xr G A^r"\ G A^r"^ and A^^j"'' C Ai, we conclude that w'^ is a recurrence 
word of Tp_7r for r = 1,2. 

This gives the following conclusion. 

Lemma 4.8. Suppose that (A,t) G A,„ x S'^^ is a pair such that the lET T\^t 
satisfies the IDOC and T\^t has recurrence words wi, W2 & C{T\^r) such that 
i(w)i) — 1{'W2) = b{S) for some S G S(t). //tt G 7?.(r) then for almost every p G 
the lETTp -j; has recurrence words w[, w'2 G C{Tp^T^) such that l{w'i) — l{w'2) = b{S') 
for some S" G S(7r). □ 

For any h = (hi,..., km) G R™ denote by fh ■ [0,1) N the step function 
fh = E™i ^iXAf ■ 

(k ) 

Lemma 4.9. -For every x G C'r , r ~ 1,2 we have 

ff"'\x)^h-A^'^-+''->-l{u,r). 

Proof First suppose that x G I,^-''"^ C flfLo^pTL) ^- Since T;_^a; G A^., for 

< i < ql'^"\ by the definition of fh, 

i=0 
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In view of Remark 4.7, 

/^'''"''(x) = h ■ l{w',) = h ■ . l{wr). 

If X € Cr'^"^ then there exist y G J^'^"-' and < i < ft-i'V"'' such that x = T^y. In 

^ — Wg 

view of the proof of Lemma 4.6, x, r'*''"'a; e T^A\^^\ and hence x, T''^''"'a; e Aj 
for some I < j < m. Thus //i(T'?*''"'x) = ./^(a:) for every x £ Cr^"^\ It follows that 

= /F"^y) + E(A(r('""V'2/)-/.(T',)) 

□ 

Setting al*'"^ := h ■ A^''"+''^ ■ l{wr) we obtain 



for r = 1,2. 



Now we apply Proposition 2.5 together with Lemmas 4.5 and 4.6 to obtain the 
following result. 

Theorem 4.10. For r = 1, 2 there exist > and $r € J{Tf'^) such that 

{Tf'')^(k„) arid + (1 - ar)$r 
in weak operator topology as n ^ cg. □ 

Theorem 4.11. Assume that T is ergodic, h ^ -ff (tt) and 9^ h ■ b^^^ ^ 0. Then 
there exist a sequence {an}, cin ^ +oo, positive numbers ai,a2 with ai + a2 < 1, 
and $ G J7(T-'''-) such that 

(r^'Oa„ ^ «iW + a2{Tf'^)e^ + {l-ai- as)* 

m weak operator topology as n ^ oo. Hence the special flow T^'* is disjoint from 
all weakly mixing ELF flows. 

Proof. By the definitions of b^\ 0h and (10), 

_ ^(fc„) ^ h ■ A^''-+''^ ■ liiBi) - h ■ A^''"+''') ■ 1{W2) 

= .(/(lDi)-/(«)2)) 

Set a„ := a]^ " . By Theorem 4.10, it follows that 

(r^'-),„ ^ai/d+(l-ai)$i 

and 

(T-^'^),„ a2(T-^'0e, + (1 - a2)(r-'''' )e, o $2- 
Since T-^f^ is ergodic, by Lemma 2.4, ai + Q!2 < 1 and there exists $ G J{T^^) for 
which 

(r^'')a„ ai/d + a2{Tf'^)e^ + (1 - ai - ^2)$. 

Therefore 

(ai + Q!2 ) / (r0trfP(t) + (l-ai-a2)$, 
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where P = q^+^q,, '^0+ a"+a2 ^^f^ ' ^^'^ suffices to apply Proposition 1.1 to complete 
the proof. □ 

Corollary 4.12. // tt G and #S(7r) ^ 1 i/ien for almost every A G M™ anrf 
/i G M™ such that h ■ b{S) ^ for all S G S(7r) i/ie special flow tI*^^ is disjoint 
from weakly mixing ELF flows. In particular, for a.e. AG and a.e. h £ R™ the 
special flow t/'*^ is disjoint from weakly mixing ELF flows. □ 

Theorem 4.13. // {p, t:) e AC^ (A™ x then the lET T = Tp,^ : [0, 1) ^ [0, 1) 
is weakly mixing and disjoint from all ELF automorphisms. 

Proof. Let h = (1,...,1), hence fh = 1. Since n G S^, it follows that 9i = 
(1, . . . , 1) • b{S) — \b{S)\ = ±1 and hence h ^ -ff (tt). Without loss of generality we 
can assume that 61 — 1. By Theorem 4.11, there exists a sequence {an} of natural 
numbers (a„ = h ■ A^'"'""'"'^^ • l{iui) G N), positive numbers ai, 02 with ai + 02 < 1, 
and $ G J'(T-''i) such that 

{T('r- ^ aiW[o,i)x[o4) + «2T/^ + (1 - ai - «2)$. 
Since t/^ = {T^)i ^T®Id (Id /rf[o,i)), we have 

(11) (T°" (g) /d) ai(M (g) Id) + a2(T (g) /d) + (1 - ai - 02)$, 
and hence 

(12) {T"-" - aild - a2T) ®Id^ {l-a^- as)*- 

Suppose that ai + Q2 < 1- If ai + 02 = 1 then the last member of (11) vanishes 
and the proof becomes even easier. 
Consider the subspace 

H = l2([0, 1)x [0, l),6[o,i)®{0, [0, C ^^([o, l)x [O, l),6[o,i)®%i),/i®/i). 

The space H can be identified with L^([0, 1), S[o,i), yu) via the map 

L2([0,1),S[o,i),m) 3f^leH, 7{x,y) = f{x). 

Since 77 is closed and (T°" — aild— a2T) /d-invariant, by (12), it follows that H 
is also ^-invariant. Denote by <!>' : L'^{[0,1), B, fi) L^([0, 1), ^) the restriction 
of <f> to H, more precisely, $' is determines by $'(/) = $(/) for / G i^([0, 1), /i). 
In view of (11), it follows that 

(13) T"" ->ai/d + a2r+(l-ai-a2)$'. 

Since $ is a Markov operator, <&'(/) = *&(/) > for every / > 0. Moreover, 
$'(1) = $(T) = T and 

/ $'(/)dA^= / $(7)dM®M= / 7d/i®M= / /d/i, 

J[0,1) "'[0,l)x[0.1) J[0,l)x[0,l) "'[0,1) 

and hence <&' is a Markov operator. As $ G JiT^^)^ the operators $ and T ® Id 
commute. It follows that 



o T(/) = $ o (T (g M)(/) = (T (g) Id) o $(/) = T o $'(/). 
Therefore G J'(T). 
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Finally we will show that T is weakly mixing. Suppose that /T = e"/ for some 
/ G L2([0, 1)) with 11/11 = 1 and a e M. From (13), 



1 



!l/ll' = = |ai(/,/)+a2(/,/T) + (l-ai-a2)(/, $7>| 

< |ai+a2e"'| + (l-ai-a2)|(/,$7>l < |ai + a2e"| + (1 - ai - a2). 
It follows that 

1 < 



a2 



a.1 + a2 Oil + 

thus = 1, which proves the weak mixing of T. Now we can apply Proposition 1.2 
to complete the proof. □ 

In view of Remark 4.4 we obtain the following conclusion. 

Theorem 4.14. Suppose that (A,t) e A,„ x S'^ is a pair such that the lET Tx.r 
satisfies the IDOC and Tx.t has recurrence words wi, W2 & L{T\^t) such that 
l{wi) — l{w2) = b{S) for some S G 5](7r). If n G 7?,(t) n S'^ then for almost every 
p G A„i the lET Tp^T^ is disjoint from ELF automorphisms. □ 



5. An example of 5-IET 

In this subsection we give an explicit example of 5-IET of periodic type which 
fulfills the hypothesis of Theorem 4.14. This example gives also an example of lET 
which is disjoint from ELF automorphisms. To find lETs of periodic type we use 
a method introduced in [19]. This method is based on searching for some closed 
paths in Rauzy graphs. 

Let c = ci . . . c„ be a word over the alphabet {a, b}. Denote by c(t) the path 
of length n in the Rauzy class TZ{t) starting from the permutation r then we 
apply consecutively operations ci, . . . ,c„. Suppose that c(t) is a closed path, i.e. 
T ~ Cn ° ■ ■ ■ ° ci{t), and 

A{c{t)) = A{ci,t)A{c2,Ci{t)) . . . A{Cn,Cn-l O . . . O Ci(t)) 

is a primitive matrix. A method of searching for such paths was described in [14]. 
Let 9 > 1 stand for the Perron- Frobenius eigenvalue of A{c{t)) and let A G M™ be 
a right Perron-Frobenius eigenvector. Since 

9X = A{ci,t)A{c2,Ci{t)) . . . A{Cn,Cn-l o ...o Ci(r))A, 

we conclude that c(j'''~"^(A, t)) = Ck and 

j7A,t) = {A{ck,ck-i o .. .oci(t))~^. . A(c2,ci(T))-iA(ci,r)-iA,Cfe o .. .oci(t)) 

for 1 < fc < n. It follows that J"(A,t) = (6'-iA,t), and hence P"(A,t) = (A,t), 
which shows that Ta.t has periodic type. 

Let us consider the permutation rg^™. In this case 

_ /O 1 2 3 4 5\ 
^^1"" ~ 1^4 5 1 2 3y 

and 77^sm™ has two cyclic sets 5*0 = {0,2,4} and Si = {1,2,5} for which 6(5*0) = 
(1, -1, 1,-1, 1) and b{Si) = (-1, 1, -1, 1, -1). Therefore " G Si 
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Figure 1. Rauzy class TZir^^"") 



Next consider the closed path c{t^^^), where c = bbaababaaaba, in the Rauzy 



class T^ir^ ) (see Figure 1). Here 



A 



A(c(rf")) 



/I 
1 



V2 



1\ 



2 
1 

2/ 



B = A' = 



/4 
3 
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2 

V9 



6 
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3 
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1 
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10 



1 

16 
6 
16 



6\ 
1 

11 

4 

12/ 



e = 2 + ix/3 + iVl5 + 8V3 w 5 .55 is the Perron-Frobenius eigenvalue of A and 



= (V3,^-V3- 



15 



8\/3- -VZ 



15 + 8\/3, 



15 + 8\/3 + 15 + 8\/3, 1, i\/3 - 



15 + 8\/3 



T,^,..™ : [0, |A|) ^ 
' is weakly mixing. 



is a right Perron-Frobenius eigenvector. Therefore the lET T 
[0, |A|) has periodic type, hence is minimal. Moreover, Tx^r^" 
This is a consequence of Corollary 1 in [19] because the characteristic polynomial 
of A is equal to p{x) = {x — l){x^ — 8x^ + 15x^ — 8a; + 1) and the Galois groups of 
p has five elements. 

In view of Remark 3.11, every lET of periodic type is isomorphic to a substitution 



dynamical system : X^. 
over the alphabet {1, . . . , 5} and 



For the lET T; 



the substitution a is defined 



cr(l) = 1525, cr(2) = 152525, cr(3) 15335, cr(4) = 15343435, cr(5) = 153435. 

Since every word a{i) for 1 < ? < 5 starts with the symbol 1, if w £ Co- then 
a{w) € £o- is a recurrence word for a. As = C{Tx^rr^"^) it follows that a{w) is a 
recurrence word for the lET T. 
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Let u G {1, . . . , 5}^ stand for the unique fixed sequence for a : {1, . . . , 5}^ 
{1, . . . , 5}^ starting from the symbol 1, i.e. 

u = 15251534351525251534351525153435153351534343515335153435152 . . . 

Note that 251534, 5153351 e C„ and 2(251534) - /(5153351) ^ (-1,1,-1,1,-1). 
Let wi — o-(251534) and W2 = cr(5153351). Then wi, W2 are recurrence words for 
T and 

l{wi)~l{w2) = v4/(251534)-A?(5153351) = ^(-1,1, -1,1,-1) 

= (-1,1,-1,1,-1) -6(5i). 

The closed path c(Tg^™), the substitution a and the recurrence words wi, 'W2 
were found with the help of Maple. 

Now can we apply Theorems 4.13 and 4.14 to have the following result. 

Theorem 5.1. If n & 7^(T5^™) n 5^ then for almost every p G A5 the lET Tp^^^ is 
disjoint from ELF automorphisms. Moreover, the periodic type lET T^^sh™ is also 
disjoint from ELF automorphisms. 

Proof. The first part of the theorem is a simple consequence of Theorem 4.14. 
To prove the second part let us consider the set 

B\ sym\ . sym\ 



with B = A^^ A(cc(t5"^'")) = v4(24)(A, rf"). (See the beginning of Subsection 4.1 
for the definition of /C). Since BX ~ 9X and P'^''(A, Tg^™) = (A,T5^™) we have 
P^^^{X, Tg^™) G J\4 for every natural k. Consequently, (A, Tg^"') G A, which implies, 
by Theorem 4.13, the disjointness of Tx^r^"™- from ELF automorphisms. □ 

6. Procedure of reduction 

In this section we describe a procedure which helps us to reduce the problem of 
searching recurrence words satisfying (8) to a smaller number of intervals. 
Assume that m > 5 is odd. Let 

1 2 ... TO — 1 m 
TO TO — 1 . . . 2 1 

and 

1 2 3 4 ...TO — 3m — 2to— Ito 

, TO — IIto— 2to — 3... 4 3 TO 2 

Remark 6.1. The cyclic sets of ?7i-;y"" are of the form 

{0, 2, 4, . . . , TO - 3, TO - 1}, 5^ {1, 3, . . . , TO - 2, to} 

with associated vectors 

5(^0™) = (1, -1, 1, • ■ • , 1, -1, 1), b{ST) = (-1, 1,-1, ■••,-1,1, -1)^ 
The cyclic sets of ?7r,„ are 

QJ," {0, 1, 3, . . . , TO - 4, TO - 2}, Q'l" = {2, 4, . . . , TO - 3, TO - 1, to} 

with 

(14) 6(g^) - (0,1, -1,1, ...,1,-1,1,0), 6(gr) - (0,-1,1,-1, ...,-1,1, -1,0). 

Hence t™,<?^™ G 5°, 
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Lemma 6.2. For any odd m > 5 we have t„i G 7?.(t^|'™). 
Proof. First note that 

{m if z = 1, 

1 if z = 2, 

m ^ i + 2 if 3 < i < m. 

k 

Set fe*-' = 6 o . . . o 6 for fc > 1 and 6° = Id. Thus for 1 < A: < m - 3, 

{1 if i = 2, 

2 if 2 771, 

3 if i ^ (6^-iar^'^'")-i(m), 

fo'^-^aT/,f"(i) + 1 otherwise. 

It follows that b"^~^aTfy"^ ^ t^. □ 

Theorem 6.3. For every odd m > 5 there exists an lET Tx^r^"^ fulfilling the 
IDOC which has two recurrence words wi, W2 such that l(wi) — l(w2) = b{S) for 
some S en^T^""). 

// TT G S'JJj n TZ{t^^™) then for almost all p G Am, Tp^-„: is disjoint from ELF 
automorphisms. 

Proof. The proof of the first part is by induction on m. In the base step at m = 5 
we use the example from Section 5. 

In the inductive step suppose that m > 7 and there exists an lET Tx.t^^^ 
(|A| = 1) with the IDOC which has two recurrence words wi, W2 G {1, . . . , to — 2}* 
of length Ki, K2 respectively, such that l{wi)-l{w2) = 5(5'""^), where 6(5'""^) 
(1,-1,1,..., -1,1). Set 

A - (0,Ai,...,Am_2,0) GR!f_' 



and 



Wr = wl + 1 . . .Wk + 1 G {1, . . . , m}^'- for r = 1, 2. 



Since ^ — Tx^r^y"]^, the to-IET T5; ^ satisfies the weak IDOC. If Ai, . . . , A„i 
are intervals exchanged by Tr then T~ x G Ao+i if and only if sym x G Aj. 
It follows that wi, W2 are recurrence words for ^ . Moreover, 

l{wr) ^ {QJ{wr),Q) for r = 1,2, 

and hence 

l{wi) - 1{W2) = (0, l{wi) - 1{W2), 0) = (0, b{S^-^), 0). 
In view of (14), we have 

l{wi)-l{w2)^{Q,b{S^'-^),0)^b{Q^). 
Let K — max(i^i, K2) + 1 and take e = St- k (see (7) in Subsection 4.1). Since 

/C - {(A',r„0 G Am X {Tra} : |A'| = 1, d(A', A) < e) 

has positive Lebesgue measure on Am x {rm}, we can find (A',r„i) G K, such that 
Tx\Trn satisfies the IDOC. By Lemma 4.3, wi, W2 are recurrence words for Tx',t^. 
In view of Lemma 4.8, there exists (\,t^"^) G Am. x {r^f"} such that the lET 
^ satisfies the IDOC and it has two recurrent words wi and W2 such that 

l{{tJi) - 1{W2) = b{S) for some S G S«„?^™). 
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JACEK BRZYKCY AND KRZYSZTOF FR^CZEK 



Now we apply Theorem 4.14 to complete the proof of the second part. □ 
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